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1 A REAL BUSINESS CYCLE MODEL 2

1 Areal Business Cycle Model

The problem of the household is

1

e 1 c..
i = t+7 1/1 —v 1+v
J o _
max Et Z B C,t+j 1 _ l 1 J'_ VCh,t+jht+j
j:O [

¢t + i = wihe + zeky — T
ki1 =i+ (1 — 0)ky
The last two conditions can be combined to give
ki1 =wihi + (ze +1—=0)ky —cr — 7

Then the first order conditions are given by

1 1

cftct = )‘t (1)
VG, b = Avwy (2)
At = BE; (My1(2e41 +1—6)) (3)

The problem of the firm is
max atktah}_a — wihy — zeky

which leads to the first order conditions

wy = (1—04)% and zt:a%
t t

The taxes, 7¢, finance an exogenous stream of government expenditures, g¢, such that 7 = g.

All shocks follow AR(1) processes of the type

log(att1) = palog(az) + €a,t41

log(gi+1) = pglog(ge) + (1 — pg)10g(9) + €441
10g(§c,t+1) = Pec log(Cc,t) + Ect+1

log(Cn,t+1) = prlog(Che) + ettt

The general equilibrium is therefore represented by the following set of equations

11
o [o A—
ctCt = At

UGihE = 21— a) &
t
A = BE; (At+1(azt“ +1- 5)>
t+1

k‘t+1 =1+ (1 — 5)](515
ye = ak{h; ="

Yt = Ct + 1 + g

and the definition of the shocks.
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2 A NOMINAL MODEL WITH PRICE ADJUSTMENT COSTS 3

2 A Nominal Model with Price Adjustment Costs

ﬁ In all what follows, we will assume zero inflation in the steady state.

The problem of the household is

1—1
* [ 1 ¢,f
s | 59 ( iy S5y - g, iy
=0

ct+j 1_ % 1+v t+j

By + Piey + Pyiy = Ry_1By—1 Powihy + Pyziky — Pyry
ki1 =i+ (1 —0)k;

The last two conditions can be combined to give
By + Picy + Pikiy1 = Ri—1Bi—1 Powihy + Pi(z + 1 — 8)ke — Py

Then the first order conditions are given by

1

Cc%,tc;; = APy (
VG, b = MPrwy (5

APy = BE (A1 Py (2041 +1 - 9)) (

Ay = BRE A+ (

The economy is comprised of many sectors. The first sector —the final good sector— combines
intermediate goods to form a final good in quantity ;:

g = (/Olytm‘)“fdz‘)& (3)

The problem of the final good firm is then

1
Py — | Pi(i)ye(i)di
{yt(ilili%}((m)} tYt /0 s (4)ye ()

subject to (8), which rewrites

1 0—1 0—1 1 )
max P / iedi> —/Pi i)di
{we()icO,)) ( 0 ye(1) ; (1) i (

which gives rise to the demand function
: Pi)\ "
= _— 9
Y (1) ( P, > Yt 9)

These intermediate goods are produced by intermediaries, each of which has a local monopoly
power. Each intermediate firm ¢, ¢ € (0,1), uses a constant returns to scale technology

ye(i) = arky (i) he (i)'~ (10)

Department of Economics University of Bern



2 A NOMINAL MODEL WITH PRICE ADJUSTMENT COSTS 4

where k(i) and h.(i) denote capital and labor. The firm minimizes its real cost subject to (10).
Minimized real total costs are then given by s;z:(i) where the real marginal cost, s, is given by

o, 1l—a
2y Wy

Sag

St =

with ¢ = a®(1 — a)'~.

Intermediate goods producers are monopolistically competitive, and therefore set prices for the
good they produce. However, it incurs a cost whenever it changes its price relatively to the earlier

period. This cost is given by
: 2
ep ( Fi(i)
et 1) w
2 Pt_l(’L

The problem of the firm is then to maximize the profit function

) , . op [ Piyj(i)
B | > ®rips | Pras(i)yess(i) — Pryjsipiyers (i) — Py (ﬂ - = 1) Yetj (11)
= 2 \Piyj1(i

where ®;;,; is an appropriate discount factor derived from the household’s optimality conditions,

and proportional to BjAf\—”:j. The first order condition of the problem is given by

(1-6) (P;D(:')>—9 ot HPfD(tZ-)St (P;éi))—é’ yy Ptf(i)% <1§_(112z — 1) Yt

A1 Py P (4) Piy1(3)
E -1 =
+ AE; [ N B2 \hG Yip1| =0

Using Sheppard’s lemma we get the demand for each input

_ Y (9)
wy = (1— a)stht(i)
Zt = aStM

Fet (4)

The taxes, 7¢, finance an exogenous stream of government expenditures, g;, such that
Tt = Gt
In order to close the model, we add a Taylor rule that determines the nominal interest rate
log(Ry) = prlog(Ri—1) + (1 — p) (log(R) + v (log(m) — log (7)) + v, (log(ye) — log(7)))

where m, = P,/P;_1 denotes aggregate inflation.

All shocks follow AR(1) processes of the type

log(at+1) = palog(ar) + €at+1

log(ge+1) = pglog(ge) + (1 — pg)1og(g) + €441
log(Ce,t+1) = pelog(Ceit) + Ectr1
log(Che+1) = pn10g(Ch,t) + nytr1
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3 A NOMINAL MODEL WITH STAGGERED PRICE CONTRACTS 5

The symmetric general equilibrium is therefore represented by the following set of equations
11
ot 7 = At
Yi

wC{,t” § =M1~ @)Sth*
t

At = BE <)\t+1 (astﬂztﬂ +1- 5)}

t+1
A
At = BR/E; (t“)
Tt+1

0= (1—=0)y + Osiyr — mppp (mp — 1)y + SE; I:A;\—:lﬂ't—i-l@p (i1 — 1) Yt
kior =i+ (1 — Ok
ye = agkfhi ™
Yy=ctt+u+g+ %(T"t —1)%y;
log(Ry) = pylog(Ri-1) + (1 — p) (log(R) + vx(log(me) — log(7)) + vy (log(ye) — log(y)))

and the definition of the shocks.

3 A Nominal Model with Staggered Price Contracts

The main difference between this model and the previous one lies in the specification of the nominal
rigidities. Intermediate goods producers are monopolistically competitive, and therefore set prices
for the good they produce. We follow Calvo [1983] in assuming that firms set their prices for a
stochastic number of periods. In each and every period, a firm either gets the chance to adjust its
price (an event occurring with probability 1 — &) or it does not. This is illustrated in the following
figure.

t t+1 t+2 time

When the firm does not reset its price, it just applies the price it charged in the last period such
that Py(i) = P,—1(i). When it gets a chance to do it, firm ¢ resets its price, P/ (i), in period ¢ in
order to maximize its expected discounted profit flow this new price will generate. In period ¢, the
profit is given by II(Pr(¢)). In period ¢ + 1, either the firm resets its price, such that it will get
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3 A NOMINAL MODEL WITH STAGGERED PRICE CONTRACTS 6

II(Pf, (i) with probability g, or it does not and its ¢ + 1 profit will be II(FPy(i)) with probability
€. Likewise in t + 2. The expected profit flow generated by setting P} (i) in period ¢ writes

I]Ef%f(EtZ‘I’t t+g§] (Pr(i))

subject to the total demand it faces:

(i) = (PP”)Q "

and where II(P/ (7)) = (P (i) — Pitjsi+5) Ye+j(1). Priq; is an appropriate discount factor related
to the way the household value future as opposed to current consumption, such that

'At+'
J
q’t,t—i—j X B]

ne
This leads to the price setting equation
E; i(ﬁf)jﬁ ((1 —0) (P;(i))e (T PtH, (Pt*(i)>0 St+5Yi+ ) =0
= Ay Py T P(i) \ Py o

from which it shall be clear that all firms that reset their price in period ¢ set it at the same level
(Pr(i) = Py, for all i € (0,1)). This implies that
Py

=5

(12)
where
> 0
P =FE, Z 1613 JAtJr]e Ptlj}'est+jyt+j
7=0
and

Z B¢) At-i-j P/ t+jYt+j

j=0
Fortunately, both P} and PP admit a recursive representation, such that

0
P = 0 — 1AtPt1+05tyt + BEEL[ P/ 4] (13)

PP = APy + BEE P ] (14)

Recall now that the price index is given by

P = (/01 Pt(i)l_adi> -

In fact it is composed of surviving contracts and newly set prices. Given that in each an every
period a price contract has a probability 1 — £ of ending, the probability that a contract signed in
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3 A NOMINAL MODEL WITH STAGGERED PRICE CONTRACTS 7

period ¢ — j survives until period ¢ and ends at the end of period t is given by (1 — ¢)&7. Therefore,
the aggregate price level may be expressed as the average of all surviving contracts

1

0o =y
p={>1-9¢pr ;"
j=0
which can be expressed recursively as
_1
P=((1-op " +epf) " (15)

Note that since the wage rate is common to all firms, the capital labor ratio is the same for any
firm:

we therefore have

denoting h; = fol hi(i)di, and making use of the demand for (i), we have

1 P.(i —0
/ au diys = ak{hy =
0 P

Denote

7=0
pP* —0 00 ' t*— —6

o)+ Eo-oe ()

_(1-¢ (Pt*)_e £Y 0 gen ( t*-“)e

B Py = Py

_ AN P\ ' (P’

=(1-¢) (3) +¢ Pt) ;a £)¢ (PH)
*\ —0 —0

:(1‘5)@) +£<P;j> Ay
P\ !

Ay=(1-9) <t> +Em Ay

Hence aggregate output is given by
Ay = agkfhy @
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3 A NOMINAL MODEL WITH STAGGERED PRICE CONTRACTS 8

Hence the set of equations defining the general equilibrium is given by, where p}' = Pj*/ Pf ,pd =
Ptd/Pte_l, >\t = AtPt and T = Pt/-Pt—l‘

1 1

T _
c,tCt =M\

YGIRY = Ayl — a)sp o

hy
At = BE, |:)\t+l <045t+1yt+1 +1- 5)]

1
-~ At41
At = BRE | ——
Tt+1

0
Py = i 1)\t3tyt + BERy[rf 11741

Py = My + 55Et[7rf;1lpf+1]
nN 1-0
p. _
1=<1—5>(;) +énf

o

N
Av=(1-¢) (pg) +én?Ay
2

kior =i+ (1 — 0)k
Ay = atktahtlfa
ye=ct+ i+ gt
log(Ry) = prlog(Ri—1) + (1 = p) (log(R) + vx(log(m) — log(7)) + vy (log(y:) — log(y)))

and the definition of the shocks.
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4 A SMALL OPEN ECONOMY MODEL WITH STAGGERED PRICES 9

4 A Small Open Economy Model with Staggered Prices

The problem of the domestic household is

1

[ele} 1 c _5;
j - t+j Y —v 1+v
max E; E J oL — N
—~ 6 c,t+j 1— % 1+ Vch,t—&—] t+j
‘]:

Bf + etBtf + Py + Pyiy = Ry—1By—1 + 6’tRf_1BZ_1 + Pywihy + Piziky — Py — Pt%(etBtf)Q

. 2
. 1
kt+1zlt<1—¢2k<ki—5>>+<1—5)kt

Then the first order conditions are given by

1 1

c;,tC;E = AtPt (16)
VG, b = APy (17)
i
AP = Q (1 — ok <ki - 6)) (18)
Ay = BRIE Ay 1 (19)
e
Bo(1+ xerB]) = BRIE A (20)

Q: = PBE;

. 2
2
A1 Pryrzerr + Qe (1 -0+ ok <t+1> — ¢ (21)
2 ki1

where A; and Q; denote respectively the Lagrange multiplier of the first and second constraint.

The retailer firm combines foreign and domestic goods to produce a non—tradable final good. It
determines its optimal production plans by maximizing its profit

max PY, — mef — etP;,t:c,{
{af 2y }

where P, ; and P}; denote the price of the domestic and foreign good respectively, denominated in
terms of the currency of the seller. The final good production function is described by the following
CES function

1
g = (Wl + (1 w)Tal") @2

where w € (0,1) and p € (—o0,1). Optimal behavior of the retailer gives rise to the demand for
the domestic and foreign goods

1 1
P..\ -1 et Py o\ p 1
xtd = <]§[’j> ’ wy and x,{ = < tpj’t> ’ (1—w)y (23)

2% and z/ are themselves combinations of the domestic and foreign intermediate goods according

to 0 0
1 _ -1 1 _ -1
xf = (/ q:f(z)eeldz> and xtf = (/ x{(z)wd2> (24)
0 0

where 0 € (—o0,1).
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4 A SMALL OPEN ECONOMY MODEL WITH STAGGERED PRICES 10

Profit maximization yields demand functions of the form:

o = (B0) g af = (D) Ty

At this stage, we need to take a stand on the behavior of the foreign firms in order to determine the
demand for the domestic good by foreign agents. We assume that their behavior is symmetrical to
the one observed in the domestic economy, such

: Pyy(i)\ ™
i) = (2) g
x

Plugging these demand functions in profits and using free entry in the final good sector, we get the

following general price indexes
1 =
Py = < / th(i)l_edi) (25)
0
P

p—1

p

P = (wPE + (- )Pz (26)
(21)

The intermediate goods are produced by intermediaries, each of which has a local monopoly power.
Each intermediate firm ¢, i € (0, 1), uses a constant returns to scale technology

24(i) = arky(i)*he(3) ' (28)
where k(i) and h:(i) denote capital and labor. The firm minimizes its real cost subject to (28).
Minimized real total costs are then given by s;z:(i) where the real marginal cost, s¢, is given by
28wy
Say

St =

with ¢ = a®(1 — a)'~.

The price setting behavior is essentially the same as in a closed economy. The expected profit flow
generated by setting P;(i) in period ¢ writes

oo
max E; Z @t,t+jfjH(Px,t(i))
Potli) 20
subject to the total demand it faces:

B(i)\~*
x () = (}E?) xp with zy = 28 + 2

and where H(]Af’xt(z)) = (15”(1) — Py st+j> T45(1). Py145 is an appropriate discount factor related
to the way the household value future as opposed to current consumption, such that

Ay
DPpypj o B Atj
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4 A SMALL OPEN ECONOMY MODEL WITH STAGGERED PRICES 1

This leads to the price setting equation

- ~ o\ -0 <\ -0
Ey Z(ﬁf)j% (1-0) <th(l)> Yerj + 0 PtH- (Px’t(l)> St4jTt4j | | =0

e t Px,t+j Pﬂﬁ,tJrj

from which it shall be clear that all firms that reset their price in period ¢ set it at the same level
(P,(i) = P,, for all i € (0,1)). This implies that

~ PXY
P, = x,t 29
w,t Pgt ( )
where
> 0
Pl =E Z B¢) At+1 0 — PH—]Paf t45 St+j T+
7=0
and
o0 .
Pl =E Z(ﬂf)]At+jP£,t+jxt+j
§=0

Fortunately, both P}, and P,’; admit a recursive representation, such that

0
Py = - AththSta?t + BEEL [Py 14 1] (30)

P!, = NPSxy+ BEE(PE, ] (31)

Recall now that the price index is given by

1 =
Py = ( / Px,t(i)l—edz)
0

In fact it is composed of surviving contracts and newly set prices. Given that in each an every
period a price contract has a probability 1 — £ of ending, the probability that a contract signed in
period ¢ — j survives until period ¢ and ends at the end of period t is given by (1 — ¢)&/. Therefore,
the aggregate price level may be expressed as the average of all surviving contracts

_ s
Poa= | D (18P,
§=0
which can be expressed recursively as
1
Pop= (1= P +eP ) (32)

Note that since the wage rate is common to all firms, the capital labor ratio is the same for any
firm:

we therefore have
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4 A SMALL OPEN ECONOMY MODEL WITH STAGGERED PRICES 12

integrating across firms, we obtain

/01 24(i)di = ay (Z)a/ol ho(i)di

denoting h; = fol hi(i)di, and making use of the demand for y,(i), we have

1 P.Z’ . —0
/ o diy; = atk{hy;
0 Px,t

Denote

|

()
=(1-9) (izj)e + g(l - e (P;i‘l) !

()

)

)

-0 ¢ o ~ )
Pz,t—l Y Px,t—é—l
() Sooe (59)

=0

Hence aggregate output is given by
Avry = agkthi™

The behavior of the foreign economy is assumed to be very similar to the one observed domestically.
We however assumethat foreign output and prices are exogenously given and modelled as AR(1)
processes. We further assume that Py, = P;. The foreign household’s saving behavior is the same
as in the domestic economy (absent preference shocks), such that the foreign nomina interest rate

is given by
_1 _1 Py
yr ° = BRIEw; “Pft
t+1
We assume that foreign households do not buy domestic bonds, which implies that in equilibrium

Bl = 0.
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4 A SMALL OPEN ECONOMY MODEL WITH STAGGERED PRICES 13

The general equilibrium is then given by

1 1

1 T =M (33)
—Vviv €, €z
WGIRY = M1~ a)stph—ttt (34)
7
At = qt <1—80k (];—5>> (35)
t
ye=ce+i+ g0+ %b{Q (36)
At$t = atk:f‘htlfo‘ (37)
_1
xgl = pg’;;lwyt (38)
_1
dx px,t p=1 *
= (L=t 1- 39
o= (2) 7 (- (39)
_1
xf = (rerwy )77 (1 - w)ys (40)
xp = xf +ad* (41)
Pt o
1= wpgﬁ;l + (1 — w)(rerypy)r T (42)
A
A = BRE, S (43)
Tt4+1
Ae
A(1+xb]) = BRIE,— Ny (44)
Ti+1
. 2
qr = BE; )\t+1048t+1p7x’t+1xt+1 @1 |1 -0+ 5 <Zt+1> -0 (45)
[ 2 kit
bf = Bipe o — 46
0= o, el + Dot — Yt (46)
2
kt+1 = 1t 1-— ﬂ th -9 + (1 — 5)kt (47)
2 \ k;
ir;
= _ 4
rer tht*ilrert 1 (48)
T
Dzt = ’tpm—l (49)
Tt
log(R:) = prlog(Ri—1) + (1 — p) (log(R) + vz (log(m:) — log(T)) + vy (log(y:) — log(y)))  (50)
0
pg,t = Hj)‘tpg,tstxt + BEE: [pg,t+17rte+1] (51)
Pl = N\pl e + BEEPL ] (52)
pn 1-0 1-6 ﬁ
T, Pzit—1
P = (1—@( dt> +£<t> (53)
x,t U
. -0
Dy
Ar=(1-9) ( - ) +EA T, (54)
px,tp‘r,t
x—1 * x —1 p*
yi o = BR'Ew;,, - *t (55)
Dt

where \; = APy, rery = e,P}/Pi, puy = Puy/Py, p} = PP/PY, p} = PA/PP™! my = PPy,
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6 A REAL SMALL OPEN ECONOMY MODEL 14
Tt = Px,t/Px,t—la Af = €t/€t—1-
All shocks follow AR(1) processes of the type
log(ats1) = palog(at) + €at41
log(gt+1) = pglog(ge) + (1 — pg)log(g) + £g,t41
log(Cet+1) = pelog(Cet) + et
log(Ch,t+1) = pnlog(Cn,t) + €n,tt1
log(y7'41) = pylog(y) + (1 — py) log(y) + &5 141
log(piy1) = pplog(py) + (1 — pp)log(p) + €5 111
5 A Nominal Small Open Economy Model with Price Adjustment Costs
When price contracts are replaced with price adjustment costs, equations (36)—(37) become
yr=c+i+ge+ gb{? + %(Wm,t —1)%y;
Tt = (J,tktahtl_a
and equations (51)—(54) are replaced with
At41
(1 = O)pasxs + Ospxs — ©pTe (T — L)y + PE; N, T 4+19p(Te i1 — D)yip1| =0
t
6 A Real Small Open Economy Model
All nominal aspects disappear, such that the general equilibrium becomes
11
Ccftct =N (56)
—u Pzt
WG hy = M1 — )= (57)
t
N
At =q (18% <k35)> (58)
t
f2
y=c+iu+g+ b (59)
Tt = atkt htl @ (60>
1
xf = pg’;ftlwyt (61)
1
Da, p—1
o= (2 (- a (62)
1
ol = (rerls )7 (1 - w)ye (63)
zy =zl + (64)
p
l=wpy;" +(1- w)(rertpf)p%l (65)
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6 A REAL SMALL OPEN ECONOMY MODEL 15

At = BRE A1 (66)
M(1+ xb]) = BREN 41 (67)
. 2
d = BB | Aagaletri®et o[ <Zt+1> 5 (68)
Kt 1 2 kit
b{ = :715,{71 + D tTt — Yt (69)
. 2
b =i (1= 25 (2 —5) )+ (1 - o)k (70)
2 \ ks
_1 _1
yr v = BREwfy, ° (71)

together with the shocks.
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7 A NOMINAL 2-COUNTRY MODEL WITH STAGGERED PRICES 16

7 A Nominal 2-Country Model with Staggered Prices

The problem of the domestic household is

1

o0 o
max E Z,Bj s v GV hitY
t - C’t+]1—% 14+v ht4+j5""t+j
]:

B{L + ethf + Picy + Pyiy = Ri—1Bi—1 + etRf_lBg:l + ththt + PtZtkt — Py

: 2
: i
ki1 =i (12]{(]{;5) >+(15)k‘t

Then the first order conditions are given by

1 1

c;,tct_; = MNP (72)
VG, hi = MFwy (73)
AP = Oy <1 — Pk (Z - 5)) (74)

Ay = BRIE A1+ (75)

Ay = BR:Et%At—H (76)

Qr = BEy

, 2
i
Aei1Prp1zep1 + Qe | 1 =0+ Pk <t+1> —§? (77)
2 Kt

where A; and @Q; denote respectively the Lagrange multiplier of the first and second constraint.
The behavior of the foreign household, hereafter denoted by a %, is totally symmetrical. We further
have the following risk sharing condition

_ A

€t

Ay

The retailer firm combines foreign and domestic goods to produce a non—tradable final good. It
determines its optimal production plans by maximizing its profit

max PY, — Px’ta?f — etP;twg
{af 2y }

where P, ; and P}, denote the price of the domestic and foreign good respectively, denominated in
terms of the currency of the seller. The final good production function is described by the following
CES function

1
gy = (wﬁxf" +(1 —w)ﬁx{”)” (78)

where w € (0,1) and p € (—o0,1). Optimal behavior of the retailer gives rise to the demand for
the domestic and foreign goods

1 1
P, .\ -1 et P\ 1
ol = ( ;;t)” wys and a2 = < tpjt> "W (79)

Abroad, the behavior is symmetrical, such that

1

vt = (w5l + (- w) o) (50)
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7 A NOMINAL 2-COUNTRY MODEL WITH STAGGERED PRICES 17

and

1 1
P p—1 P\ =1
d ) 3t
ri* = <€tj3t*> (1 —w)y; and x{* = <é* > wyy (81)

2% and z/ are themselves combinations of the domestic and foreign intermediate goods according

to
0 0

2l = (/lef( )% dz>91 and o — (/le{(i)Tdi> o (82)

where 0 € (—o0,1). Likewise abroad

[
1 _ o—1 1 _ -1
o — ( / xgl*(i)%ldi) and " = ( / x{*(z‘)geldi> (83)
0 0

Profit maximization yields demand functions of the form:

ot = () af = (B0) o,

xt

similarly abroad

. —0 . —0
P P*
xtd*('l) = < z(tl)> CC?/Z*, .'Iftf*(l) = ( }E;EZ)> x,{*
x xt

Plugging these demand functions in profits and using free entry in the final good sector, we get the
following general price indexes

1 1

Py = < /0 1 Pzt(i)l_edz) o= < / )= Hdz) - (84)

P = (WPET + (- w)(erz)? ) 3 (85)

p—1

. p=1
P, -1 VI
Pr = (w <t> g (1-— w)P;tppl> (86)
€t

The intermediate goods are produced by intermediaries, each of which has a local monopoly power.
Each intermediate firm ¢, i € (0,1), uses a constant returns to scale technology

24(1) = agky (i) he (i) (87)

where k(i) and h:(i) denote capital and labor. The firm minimizes its real cost subject to (87).
Minimized real total costs are then given by s;z¢(i) where the real marginal cost, s¢, is given by

1—a
85 = ZEwy
Sag
with ¢ = a®(1 — a)!7%. Similarly abroad
wy (i) = apki () hy (i)' (88)
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7 A NOMINAL 2-COUNTRY MODEL WITH STAGGERED PRICES 18

where k7 (i) and h}(i) denote capital and labor. The firm minimizes its real cost subject to (87).
Minimized real total costs are then given by sjyz} (i) where the real marginal cost, s}, is given by
Lt
St —
§at
with ¢ = a®(1 — a)'~.

The price setting behavior is essentially the same as in a closed economy. The expected profit flow
generated by setting P;(i) in period ¢ writes

max EtZQttﬂﬁ H( :ct( ))

Pzt() j =0

subject to the total demand it faces:

P (i
wt(z) = (}E?) Ty with x; = a:t + xt

and where H(]Af’xt(z)) = (IBI (i) — Py j stﬂ) T45(1). Py445 is an appropriate discount factor related
to the way the household value future as opposed to current consumption, such that

'At+'
J
(I)t,t—i—j X ﬂ]

Ay
This leads to the price setting equation
<A B\ " Py (Por)\ ™"
FRA t+j z,t\?
E B¢ ’**J 1—0) | =252 ) gy 46 : St | | =0
¢ JZ_%( )’ (1-10) . i T Py t+5 T+

from which it shall be clear that all firms that reset their price in period ¢ set it at the same level
(P,(i) = P,, for all i € (0,1)). This implies that

~ PX
Prp= 25" 89
o5t P?, (89)
where
o0
et = Bt Z BEY Mvvjg— 0 — Pt+apgt+33t+g$t+a
7=0
and
> .
Pﬂ(ci,t = Ey Z(Bf)JAtH'Pf,Hjxtﬂ
j=0

Fortunately, both Pali . and P,at admit a recursive representation, such that

0
= g AtPt w15t + BEE [Py ] (90)
Pl = MNP+ BER(PY, ] (91)
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7 A NOMINAL 2-COUNTRY MODEL WITH STAGGERED PRICES 19

Likewise abroad,

0
ng T p_ A*P*P*t%?x; + BEE[ xt—i—l] (92)

P& = ArPr a4 BERPE ] (93)

Recall now that the price index is given by

1 5
Py = ( / Pm(z')lgdz')
0

In fact it is composed of surviving contracts and newly set prices. Given that in each an every
period a price contract has a probability 1 — £ of ending, the probability that a contract signed in
period t — j survives until period ¢ and ends at the end of period t is given by (1 — ¢)&/. Therefore,
the aggregate price level may be expressed as the average of all surviving contracts

1

o 0
Poo= | D (-8R,
§=0
which can be expressed recursively as
1
Pop= (1= P+ ) (94)

Note that since the wage rate is common to all firms, the capital labor ratio is the same for any
firm:

we therefore have

denoting h; = fo hi(i)di, and making use of the demand for y.(i), we have

1 P:E . —0
/ - diy; = arki'hy~*
0 Pm,t
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7 A NOMINAL 2-COUNTRY MODEL WITH STAGGERED PRICES 20

Denote
! Px,t(z’)>
A _/0 ( Py 4
~ -6
_ = . j Pac,t—j
B\ & P\
_ . z,t . 7 z,t—j
(1-¢) ( Pm) + ;u 6§ ( b )
AN P -
=<r—@<;”> -+§ju—5ﬁ”1<a;4*>
z,t 1—0 z,t
_ (1 B é_) f)x,t - +€ (Px,t1>_0 i(l . 6)52 z,t—0—1 ’
Px,t Px,t =0 Px,tfl
-1 ﬁ:}:,t - P:B,tfl _HA
=(1-¢) Pus +§< P > t—1
therefore
5 -0
Ap=(1-¢) (P:) +&mp A

Hence aggregate output is given by
Avry = agkfhi ™

In a general equilibrium, we will have Bf + Bf* = 0 and Bf + B{ * = 0. The general equilibrium
is then given by

1 1

¢ T =M (95)

s = (96)
. T

Gy = Mi(1— a)pw,tsth—z (97)

_ T¥
UG = N (1 - a)p st 5
t

At = qt <1—<Pk <2—5>) (99)
si=at (1-e (1 -9)) (100)

yr=ct+iu+g (101)
yi = +ii + g7 (102)
Avry = agkSh)i ™ (103)
Afxl = afkron e (104)
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1

o =pl oy (105)
1
Prt ) Pt
o= (2 (- (106
_1
wl = (rerp )71 (1 — Wy (107)
o = pl 7wy (108)
af =z + a2 (110)
_P_
l=wp,;" +(1- w)(rertp;t)p%l (111)
_P
x 2 Pre )P T
1= -1 1-— : 112
o+ (1) (224 (112
A*
Ay = L (113)
rery
A
A = BRE, S (114)
Tt+1
, 2
z x 1
g = PR, )\t+1ast+1zM +q1 | 1—0+ £k < as ) -2 (115)
ki1 2 ki1
* * - 2
* * * pﬂC, z * ¢
¢ = PE, [)‘tﬂastﬂ'}?m + G (1 -0+ % ((,;:Ll > - 52))] (116)
t41 t+1
. 2
kep1 = iy <1 _ Pk (“ - 5) ) + (1= )k (117)
2 \ k;
i* 2
ki =i (1- 2R (2 (1 o)k (118)
2 \ &
R = RIEAL, (119)
Ae *
rery = £7e reri_q (120)
Tt
Ty
Pay = ?t’tpx,tfl (121)
™
P;,t = W;tpé,t—l (122)
t
log(Rt) = prlog(Ri—1) + (1 — p) (log(R) + v (log(m:) — log(7)) + v, (log(y:) — log(y)))  (123)
log(R;) = prlog(Ri_1) + (1 — p) (log(R) + v (log(my) — log(7)) + v, (log(y;) — log(y)))  (124)
0
Pt = - 1)\tpz,t8t$t + BEEL[PE 111 (125)
VLA 0 * * T *
p:c,*t = ﬁ)‘?pmes:xt + BEE, [p:c,*t+17rt£1] (126)
Pi,t = )‘tpz,txt + BEE, [Pg,tﬂﬂfﬁl] (127)
P2 = Ny w4 BERpE, (128)
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p” 1-6 1—p\ 1-°
Doy = (1—£)< j’t> +§<p””’t‘1) (129)
pm,t i
1-6 =5
_ =
pg* p; B 1-6
pri=|01—8 =5 +¢ (’Z 1> (130)
Py i
n -0
2
Ap=(1-¢) ( o ) + &N, (131)
pﬂ?,tpgj7t
nx -0
* p% *
At:(1—§)< * td*> +enymy,° (132)
x, tx,t

where Ay = APy, Np = ANJPY, rery = etPf /Py, poy = Pot/Pr, phy = Pryd/PS pF = PP,
= PPN ppr = PP P, p = PP mp = P/ P, wf = PP/ PLy, T = Prg/Prye1,
Tt =P t/P;t 1 Af = et/er—1.

All shocks follow AR(1) processes of the type

log(ar+1) = palog(ar) + p; log(ay) + a1
log(a}) = pg log(ar) + palog(ay) + €5 441
log(gi+1) = pglog(ge) + (1 — pg) log(g) + eg,t41
log(g711) = pglog(g;) + (1 — pg) log(g) + €5 111

log(Cet+1) = pelog(Cet) + et

log(¢x 1) Pe log((ét) tEctr1

log(h, t+1) = pnlog(Che) + ent1

log(Ch 141) = prlog(Chp) + €h it

8 A Nominal 2—Country Model with Price Adjustment Costs

When price contracts are replaced with price adjustment costs, equations (101)—(104) become

. ®
Yyr=ct+i+ g+ = Myt — 1)2%

5
* % K * 90}7 * 2, %
Y = ¢ T4 + gy +?(7r:c,t_1) Yt
l’t:atktahl_a

af = arkront e
and equations (125)—(132) are replaced with
At+1
0= (1=0)psxs + 0si2r — pmp (Mo — 1)y + BE; -, e +19p (T 41 — D)yt
t

*

A
0=(1- 9)19:5,#; + Osiay — @p@,t(” — L)yf + BE, [)\* ;,t—l—lwp(ﬂ-;,t—i—l - 1)y:+1]
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9 A Real 2—Country Model

All nominal aspects disappear, such that the general equilibrium becomes

1 1

a1 T =N (133)
secTe = (134)
v x
Gy by =M1 — a)pz,th—z (135)
*x —UVjpxU * * x*
YChe hiT =X - a)]?;p,th*i (136)
t

At = gt (1 — Pk (,Z - 5)> (137)

yr=c+ir+ g (139)
yi = +ii + g7 (140)
1
:Uf = p:;;lwyt (141)
1
dx Prt \ P! *
= — 1-— 142
= (2) 7 (- (142)
1
xf = (rerps) 7T (1 - W)y 143

(143)

ot =py ey (144)
= af + af* (145)
xy = ZL’{ + " (146)
vy = atkfhy (147)
(148)

(149)

*x _ xpxapxl—a
zy = agk; hy

P

P
1= wpgftl + (I —w)(rerpy )1 149
P
L Pre \ 7!
1= wpl, 71 4 (1— ’ 1
ap T+ (1) (222 (150)
A=A (151)
. 2
G = BE¢ | A2 g (104 2 <Zt+1> —6? (152)
k1 2 kg1
Pt X i+ o\ 2
G = BB | N0 gy 10+ % <ktj1 ) — 52 (153)
t+1 t+1
. 2
kpr =i (1— 2 (L 5) ) + (1 6)k (154)
2 \ K
i 2
TR L A +(1-0)k (155)
2 \ &
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